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Abstract
We argue that the conventional quantum field theory in curved spacetime has a grave
drawback: The canonical commutation relations for quantum fields and conjugate momenta do
not hold. Thus the conventional theory should be denounced and the related results revised. A
Hamiltonian version of the canonical formalism for a free scalar quantum field is advanced, and
the fundamentals of an appropriate theory are constructed. The principal characteristic feature
of the theory is quantum-gravitational nonlocality: The Schro¨dinger field operator at time t
depends on the metric at t in the whole 3-space. It is easily comprehended that the canonical
commutation relations may be fulfilled only if that nonlocality takes place. Applications to
cosmology and black holes are given, the results being in complete agreement with those of
general relativity for particles in curved spacetime. A model of the universe is advanced, which
is an extension of the Friedmann universe; it lifts the problem of missing dark matter. A
fundamental and shocking result is the following: There is no particle creation in the case of a
free quantum field in curved spacetime; in particular, neither the expanding universe nor black
holes create particles.
1E-mail: mash@gluk.apc.org
1
Introduction
The conventional quantum field theory in curved spacetime [1,2] is based on the following
representation of a scalar quantum field: φ(p) =
∑
j{fj(p)aj + f ∗j (p)a†j}. Here p is a point of
spacetime manifold; {fj} and {f ∗j } are complete sets of positive and negative norm solutions
to the Klein-Gordon, or generalized wave equation (✷ +m2)χ = 0; aj and a
†
j are annihilation
and creation operators, [aj , aj′] = 0, [aj, a
†
j′] = δjj′. In the comoving reference frame, where
p = (t, s), the conjugate momentum is π(p) = φ˙(p) =
∑
j{f˙j(p)aj + f˙ ∗j (p)a†j}.
The canonical commutation relations are: [φ(s, t), φ(s′, t)] = 0, [π(s, t), π(s′, t)] = 0,
[φ(s, t), π(s′, t)] = iδ(s, s′). We obtain for the commutators: [φ(s, t), φ(s′, t)] =∑
j{fj(s, t)f ∗j (s′, t)− fj(s′, t)f ∗j (s, t)}, [π(s, t), π(s′, t)] =
∑
j{f˙j(s, t)f˙ ∗j (s′, t)− f˙j(s′, t)f˙ ∗j (s, t)},
[φ(s, t), π(s′, t)] =
∑
j{fj(s, t)f˙ ∗j (s′, t)− f˙j(s′, t)f ∗j (s, t)}. In the generic case of a time-dependent
metric, the canonical commutation relations do not hold. The reason is that the wave equation
(✷ +m2)φ = 0 is local with respect to the metric: For a given operator φ(s, t), it is possible
to obtain an arbitrary operator φ(s′, t) by choosing an appropriate metric, which results in
the violation of the relation [φ(s, t), φ(s′, t)] = 0. The violation leads to disastrous effects: It
becomes possible to introduce an absolute notion of simultaneity.
Thus the conventional theory should be denounced and the related results revised.
In this paper, a consistent theory for a free scalar quantum field in curved spacetime is
advanced. The basic outline of the theory is as follows.
Spacetime manifold isM = T×S where T stands for time and S for 3-space. In the comoving
reference frame, metric g is of the form g(t, s) = dt⊗ dt− ht, t ∈ T, s ∈ S, ht = h(t, s).
First and foremost, the canonical commutation relations must be fulfilled, so that we
put in any picture φ(t, s) = 1√
2
∑
j
1√
ωj(t)
{uj(t, s)ajt + u∗j(t, s)a†jt}, π(t, s) = i√2
∑
j
√
ωj(t)
×{−uj(t, s)ajt+u∗j(t, s)a†jt} where {uj} is a complete set of functions on S, such that (uj, uj′) =
(uj, uj′)t ≡
∫
S ds
√
(ht)u
∗
juj′ = δjj′, (h) = det(hik), u
∗
j = up(j), p is a permutation, and
ωp(j) = ωj. Now the canonical commutation relations do hold.
We choose the functions uj to be solutions to the equation ∆uj = −k2juj, ∆χ = ∆t(s)χ =
1√
(h)
∂i[
√
(h)hik∂kχ], and put ωj(t) = (m
2+k2jt)
1/2. Then the Hamiltonian is Ht =
∑
j ωj(t)a
†
jaj .
The principal characteristic feature of the theory is quantum-gravitational nonlocality: The
Schro¨dinger field operator φS(t, s) at time t depends on metric ht(s) in the whole 3-space S. In
view of the failure of the conventional theory considered above, it is easily comprehended that
the canonical commutation relations may be fulfilled only if the nonlocality is involved.
Applications to cosmology and black holes are given. Bearing the relation ωj = (m
2+k2j )
1/2
in mind, it is apparent that the results are in complete agreement with those of general relativity
for particles in curved spacetime. A model of the universe is advanced, which is an extension
of the Friedmann universe; the model lifts the problem of missing dark matter.
The expression Ht =
∑
j ωj(t)Nj , Nj = a
†
jaj , for the Hamiltonian in the comoving reference
frame implies the fundamental and shocking result: There is no particle creation in the case
of a free quantum field in curved spacetime; in particular, neither the expanding universe nor
black holes create particles.
2
1 Preliminaries
1.1 Spacetime
The employment of the comoving reference frame implies that spacetime manifoldM is a trivial
bundle [3], so that we assume from the outset that
M = T × S, M ∋ p = (t.s), t ∈ T, s ∈ S, (1.1.1)
holds, where T is time and S is 3-space.
Metric g in the comoving reference frame is of the form
g = g(t, s) = dt⊗ dt− ht = (dt)2 − hik(t, x)dxidxk. (1.1.2)
1.2 Classical field dynamics
The Lagrangian density for a real free scalar field ϕ is
L = 1
2
{∂µϕ∂µϕ−m2ϕ2} = 1
2
{∂tϕ∂tϕ− hik∂iϕ∂kϕ−m2ϕ2}. (1.2.1)
The related dynamical equation is the Klein-Gordon, or generalized wave equation,
(✷+m2)ϕ = 0, (1.2.2)
✷ = ∇µ∇µ, ✷χ = 1√
(h)
∂t[
√
(h)∂tχ]−∆χ, ∆χ = 1√
(h)
∂i[
√
(h)hik∂kχ], (h) = det(hik).
(1.2.3)
The conjugate momentum is
π = ϕ˙ ≡ ∂tϕ. (1.2.4)
The Hamiltonian is
Ht =
1
2
∫
S
ds
√
(ht){π2 + hik∂iϕ∂kϕ+m2ϕ2}. (1.2.5)
1.3 Canonical commutation relations
The canonical commutation relations for the quantum field and conjugated momentum opera-
tors φ, π are of the form
[φ(s, t), φ(s′, t)] = 0, (1.3.1)
[π(s, t), π(s′, t)] = 0, (1.3.2)
[φ(s, t), π(s′, t)] = iδt(s, s
′) (1.3.3)
where the delta function δt(s, s
′) is defined by
∫
S
ds
√
(ht)δt(s, s
′)χ(s) = χ(s′),
∫
S
ds′
√
(ht)δt(s, s
′)χ(s′) = χ(s). (1.3.4)
3
2 The conventional theory and its inconsistency
2.1 The standard quantization
In the conventional theory, the (symplectic [4]) inner product of solutions to the wave equation
(1.2.2),
(ϕ1, ϕ2)Ω = i
∫
S
ds
√
(h)
{
ϕ∗2(s, t)
∂ϕ1(s, t)
∂t
− ϕ1(s, t)∂ϕ
∗
2(s, t)
∂t
}
, (2.1.1)
is introduced, the related norm being (ϕ, ϕ)Ω.
Let {fj} be a complete set of positive norm solutions to the wave equation (1.2.2); then
{f ∗j } will be a complete set of negative norm solutions, and {fj , f ∗j } form a complete set of
solutions. A scalar quantum field φ is represented as follows:
φ(s, t) =
∑
j
{fj(s, t)aj + f ∗j (s, t)a†j}, (2.1.2)
where
[aj, aj′] = 0, [a
†
j, a
†
j′] = 0, [aj, a
†
j′] = δjj′, (2.1.3)
and
daj
dt
= 0. (2.1.4)
In view of eqs.(1.2.4),(2.1.4), the conjugate momentum is
π(s, t) = φ˙(s, t) =
∑
j
{f˙j(s, t)aj + f˙ ∗j (s, t)a†j}. (2.1.5)
The commutators for φ and π take the following form:
[φ(s, t), φ(s′, t)] =
∑
j
{fj(s, t)f ∗j (s′, t)− fj(s′, t)f ∗j (s, t)}, (2.1.6)
[π(s, t), π(s′, t)] =
∑
j
{f˙j(s, t)f˙ ∗j (s′, t)− f˙j(s′, t)f˙ ∗j (s, t)}, (2.1.7)
[φ(s, t), π(s′, t)] =
∑
j
{fj(s, t)f˙ ∗j (s′, t)− f˙j(s′, t)f ∗j (s, t)}. (2.1.8)
2.2 The Wald quantization
Let us consider the quantization advanced by Wald [4]. For every solution ϕ to the wave
equation (1.2.2), by eq.([4].3.2.27), the relation
ϕ(f) = Ω(Ef, ϕ) (2.2.1)
holds, where ϕ(f) is a smeared field, Ef is a solution to the wave equation, and Ω is the
symplectic structure given by eq.([4].4.2.6),which is equivalent to the inner product (2.1.1).
The smeared Heisenberg field operator ([4].4.2.9) is
φ(f) = ib†f ≡ i{a(K(Ef))− a†(K(Ef))}, (2.2.2)
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where K(Ef) is a vector of the Hilbert space. By eq.([4].3.2.30), the commutation relation
[φ(f), φ(g)] = −iΩ(Ef,Eg) (2.2.3)
holds.
We have the following relations:
φ(f ∗) = [φ(f)]† = −ibf , (2.2.4)
[bf , bg] = iΩ(Ef
∗, Eg∗), [b†f , b
†
g] = iΩ(Ef,Eg), [bf , b
†
g] = −iΩ(Ef ∗, Eg). (2.2.5)
Let, for a complete set {Efj, Ef ∗j } of the solutions to the wave equation, the relations
Ω(Efj , Efj′) = 0, Ω(Ef
∗
j , Ef
∗
j′) = 0, Ω(Ef
∗
j , Efj′) = iδjj′, Ω(Efj , Ef
∗
j′) = −iδjj′ (2.2.6)
hold; then we obtain
[bj , bj′] = 0, [b
†
j , b
†
j′] = 0, [bj , b
†
j′] = δjj′. (2.2.7)
We put
φ =
∑
j
{(Efj)bj + (Ef ∗j )b†j}, (2.2.8)
then
φ(fj) = ib
†
j , φ(f
∗
j ) = −ibj , (2.2.9)
which corresponds to eqs.(2.2.2),(2.2.4). The representation (2.2.8) is equivalent to the standard
representation (2.1.2).
2.3 The problem of commutation relations
In view of eq.(2.1.6), the canonical commutation relation (1.3.1) implies that the equality
∑
j
fj(s, t)f
∗
j (s
′, t) =
∑
j
fj(s
′, t)f ∗j (s, t) (2.3.1)
must hold. Let us write the equality as
∑
j
Fj(s, s
′) =
∑
j
Fj(s
′, s), Fj(s, s
′) 6= Fj(s′, s). (2.3.2)
Generally, we have
Fj(s
′, s) = Fp(j)(s, s
′) (2.3.3)
where p is a permutation, such that
p ◦ p = I, p−1 = p. (2.3.4)
Thus we obtain
fj(s
′, t)f ∗j (s, t) = fp(j)(s, t)f
∗
p(j)(s
′, t), (2.3.5)
whence
f ∗j (s, t)
fp(j)(s, t)
=
f ∗p(j)(s
′, t)
fj(s′, t)
= zj(t) = zp(j)(t). (2.3.6)
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For s′ = s we obtain
|fp(j)|2 = |fj|2, |zj| = 1, zj = ei2αj(t), (2.3.7)
so that
fj(s, t) = e
−αj(t)f 0j (s, t), f
∗
j (s, t) = e
iαj(t)f 0∗j (s, t), f
0∗
j = f
0
p(j). (2.3.8)
In view of eqs.(2.1.8),(1.3.3),
dαj
dt
6= 0. (2.3.9)
Similarly, from eqs.(2.1.7),(1.3.2) we obtain
e−iβj f˙ ∗j = −eiβj f˙p(j), βj = βj(t), (2.3.10)
so that
e−iβj
∂
∂t
[
eiαjf 0∗j
]
= −eiβj ∂
∂t
[
e−iαjf 0∗j
]
, (2.3.11)
whence generally
βj = αj,
∂f 0∗j
∂t
= 0, (2.3.12)
and
fj(s, t) = e
−iαj(t)f 0j (s). (2.3.13)
But if
∂h
∂t
6= 0, (2.3.14)
solutions to the wave equation (1.2.2) are not of the form
ϕ(s, t) = u(t)v(s). (2.3.15)
Thus in the generic case of a nonstationary metric, the canonical commutation relations do not
hold. The reason is that the wave equation is local with respect to the metric: For a given
operator φ(s, t), it is possible to obtain an arbitrary operator φ(s′, t) by choosing an appropriate
metric ht, which results in the violation of the relation (1.3.1).
Note that the commutation relations (2.1.3) are worthwhile if and only if they imply the
canonical commutation relations (1.3.1)-(1.3.3), which is not the case in the conventional theory.
The violation of eq.(1.3.1) leads to disastrous effects. In view of the uncertainty relation
∆Ψφ(s, t)∆Ψφ(s
′, t) ≥ 1
2
|(Ψ, [φ(s, t), φ(s′, t)]Ψ)|, (2.3.16)
measuring φ(s′, t) results in
∆φ(s, t) =∞, (2.3.17)
i.e., in a prodigious quantum nonlocality. This nonlocality makes it possible to synchronize
clocks at points s and s′ in an absolute way or, what is the same, to introduce an absolute
notion of simultaneity.
Let φ(s, t) be measured quasicontinuously,
for t ≤ t0 Ψ = Ψs, φ(s, t)Ψs = ξs(t)Ψs, (2.3.18)
and φ(s′, t) be measured at t0. Then the value of ξs changes by a jump at t0. Note that the
effect is absent for ∂h/∂t = 0 but does not vanish in the limit ∂h/∂t→ 0.
We conclude that the conventional theory should be denounced.
6
3 Hamiltonian version of the canonical formalism
We shall be based on the Hamiltonian version of the canonical formalism, which is the most
reliable [5].
3.1 The Schro¨dinger picture
In view of eq.(1.2.5), we adopt the Schro¨dinger Hamiltonian
HSt =
1
2
∫
S ds
√
(ht)
{
π2S + h
ik∂iφS∂kφS +m
2φ2S
}
= 1
2
∫
S ds
√
(ht) {π2S − φS∆φS +m2φ2S}
(3.1.1)
where φS and πS are the Schro¨dinger operators for the field and conjugate momentum respec-
tively.
The standard scalar product is defined by
(χ1, χ2) = (χ1, χ2)t =
∫
S
ds
√
(ht)χ
∗
1(s)χ2(s). (3.1.2)
Let {uj(s, t)} be a complete set on S for every t ∈ T , such that
(uj, uj′)t = δjj′, (3.1.3)
u∗j = up(j), uj = u
∗
p(j) = u(p◦p)(j), p ◦ p = I, p−1 = p,
∑
p(j)
=
∑
j
. (3.1.4)
We put
φS(s, t) =
1√
2
∑
j
1√
ωj(t)
{uj(s, t)ajS + u∗j(s, t)a†jS}, (3.1.5)
πS(s, t) =
i√
2
∑
j
{−uj(s, t)ajS + u∗j(s, t)a†jS}, (3.1.6)
with
ωp(j) = ωj, (3.1.7)
and
dajS
dt
= 0, [ajS, aj′S] = 0, [a
†
jS, a
†
j′S] = 0, [ajS, a
†
j′S] = δjj′. (3.1.8)
We find in any picture
[φ(s, t), φ(s′, t)] = [φS(s, t), φS(s′, t)]
= 1
2
∑
j
1
ωj
{uj(s, t)u∗j(s′, t)− u∗j(s, t)uj(s′, t)}
= 1
2
∑
j
1
ωj
{uj(s, t)u∗j(s,′ t)− up(j)(s, t)u∗p(j)(s′, t)}
= 1
2
∑
j
1
ωj
uj(s, t)u
∗
j(s
′, t)− 1
2
∑
p(j)
1
ωp(j)
up(j)(s, t)u
∗
p(j)(s
′, t) = 0,
(3.1.9)
[π(s, t), π(s′, t)] = −1
2
∑
j
ωj{uj(s, t)u∗j(s′, t)− u∗j(s, t)uj(s′, t)} = 0, (3.1.10)
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[φ(s, t), π(s′, t)] = i
2
∑
j{uj(s, t)u∗j(s′, t) + u∗j(s, t)uj(s′, t)} = i
∑
j uj(s, t)u
∗
j(s
′, t)
= iδt(s, s
′).
(3.1.11)
We have seen that the relations (3.1.8) imply the relations (1.3.1)-(1.3.3). It easy to see
that the reverse is true as well. We introduce operators
φj = (uj, φ), φ
†
j = (φ, uj), πj = (uj, π), π
†
j = (π, uj). (3.1.12)
It follows from the relations (1.3.1)-(1.3.3) that
[φj, φj′] = 0, [φj, φ
†
j′] = 0, [πj , πj′] = 0, [πj , π
†
j′] = 0,
[φj, πj′] = i(uj, u
∗
j′) = iδjp(j′), [φj, π
†
j′] = i(uj, uj′) = iδjj′.
(3.1.13)
We find from eqs.(3.1.5),(3.1.6)
aj =
1√
2
{√
ωjφj +
i√
ωj
πj
}
, a†j =
1√
2
{√
ωjφ
†
j −
i√
ωj
π†j
}
. (3.1.14)
Now eqs.(3.1.14),(3.1.13) result in the commutation relations (3.1.8).
Thus the commutation relations (3.1.8) and (1.3.1)-(1.3.3) are equivalent to each other.
We have for the Schro¨dinger field and momentum
[φS(s1, t1), φS(s2, t2)] =
1
2
∑
j
1√
ωj(t1)ωj(t2)
{uj(s1, t1)u∗j(s2, t2)− u∗j(s1, t1)uj(s2, t2)}
= 1
2
∑
j
1√
ωj(t1)ωj(t2)
uj(s1, t1)u
∗
j(s2, t2)− 12
∑
j
1√
ωp(j)(t1)ωp(j)(t2)
up(j)(s1, t1)u
∗
p(j)(s2, t2) = 0,
(3.1.15)
[πS(s1, t1), πS(s2, t2)] = 0. (3.1.16)
Let uj be determined by
∆uj = −k2juj, k2p(j) = k2j = k2j (t). (3.1.17)
We obtain
HSt =
1
4
∑
j{[−√ωjωp(j) + 1√ωjωp(j) (m2 + k2j )](ap(j)SajS + a
†
p(j)Sa
†
jS)
+ [ωj +
1
ωj
(m2 + k2j )](ajSa
†
jS + a
†
jSajS)}.
(3.1.18)
We put
ωj = (m
2 + k2j )
1/2 = ωj(t), ωp(j) = ωj, (3.1.19)
then
HSt =
1
2
∑
j
ωj(t)(ajSa
†
jS + a
†
jSajS). (3.1.20)
Normal ordering produces
HSt =
∑
j
ωj(t)a
†
jSajS. (3.1.21)
The Schro¨dinger equation
dΨSt
dt
= −iHStΨSt (3.1.22)
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yields
ΨSt = U(t, t0)ΨSt0, (3.1.23)
where, with regard to
[HSt1, HSt2 ] = 0, (3.1.24)
U(t, t0) = exp
{
−i
∫ t
t0
HSt′dt
′
}
=
∏
j
exp{−iαj(t, t0)a†jSajS}, (3.1.25)
αj(t, t0) =
∫ t
t0
ωj(t
′)dt′. (3.1.26)
3.2 The Heisenberg picture
In the Heisenberg picture, we have
ΨH = U(t0, t)ΨSt = ΨSt0 , (3.2.1)
AHt = U(t0, t)AStU(t, t0), (3.2.2)
so that
ajHt = e
−iαj(t,t0)ajS, a
†
jHt = e
iαj(t,t0)a†jS, (3.2.3)
and
φH(s, t) =
1√
2
∑
j
1√
ωj(t)
{uj(s, t)ajHt + u∗j(s, t)a†jHt}
= 1√
2
∑
j
1√
ωj(t)
{u˜j(s, t)ajS + u˜∗j(s, t)a†jS},
(3.2.4)
u˜j(s, t) = e
−iαj(t,t0)uj(s, t). (3.2.5)
The Hamiltonian
HHt = HSt = Ht =
∑
j
ωj(t)a
†
jSajS. (3.2.6)
The equations of motion are
∂AHt
∂t
=
(
∂ASt
∂t
)
H
+ i[Ht, AHt]. (3.2.7)
We have
[φH(s1, t1), φH(s2, t2)] =
1
2
∑
j
1√
ωj(t1)ωj(t2)
{u˜j(s1, t1)u˜∗j(s2, t2)− u˜∗j(s1, t1)u˜j(s2, t2)}
= i
∑
j
1√
ωj(t1)ωj(t2)
uj(s1, t1)u
∗
j(s2, t2) sin[αj(t2, t1)].
(3.2.8)
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3.3 The energy-momentum tensor
Normal ordering on the standard energy-momentum tensor [1] produces
Tµν =:
{
∂µφ∂νφ− 1
2
gµνg
ρσ∂ρφ∂σφ+
1
2
m2gµνφ
2
}
: , (3.3.1)
whence in the comoving reference frame we have
T00 =
1
2
:
{
π2 + hik∂iφ∂kφ+m
2φ2
}
: , (3.3.2)
Ht =
∫
S
ds
√
(ht)T00, (3.3.3)
Tik =:
{
∂iφ∂kφ+
1
2
hik[π
2 − hlm∂lφ∂mφ−m2φ2]
}
:
=: ∂iφ∂kφ : +hik[: π
2 : −T00],
(3.3.4)
and
(Ψ, TikΨ) = (Ψ, : ∂iφ∂kφ : Ψ) + hik(Ψ, [: π
2 : −T00]Ψ). (3.3.5)
4 Quantum-gravitational nonlocality. Covariance and
geometry
4.1 The violation of the wave equation
With eqs.(3.2.4),(3.2.5) in mind, we find
(✷+m2)
[
u˜j√
ωj
]
=
1√
(h)
∂
√
(h)
∂t
∂
∂t
[
u˜j√
ωj
]
+
∂
∂t
{
∂
∂t
[
uj√
ωj
]
e−iαj
}
− i ∂
∂t
[
√
ωjuj]e
−iαj . (4.1.1)
Let for some (t, s)
dωj
dt
= 0,
∂uj
∂t
= 0 (4.1.2)
hold, then
(✷+m2)
[
u˜j√
ωj
]
= −i 1√
(h)
∂
√
(h)
∂t
√
ωju˜j . (4.1.3)
Thus the wave equation is violated in the generic case of a nonstationary metric.
Note that in general relativity, the relation (3.1.19) for ωj results from the geodesic equation,
x¨k + Γkijx˙
ix˙j = 0, (4.1.4)
rather than from the wave equation.
The wave equation being rejected, the equations of motion are those in the Schro¨dinger and
Heisenberg pictures respectively.
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4.2 Quantum-gravitational nonlocality and commutation relations
A local change in the metric h results in changing the Laplacian ∆ and, by the same token,
solutions to the equation (3.1.17), i.e., k2j , uj, ωj , and u˜j/
√
ωj. We call this phenomenon
quantum-gravitational nonlocality.
Generally, quantum-gravitational nonlocality means that
ASt(s) = AS[s; ht], Ht = H [ht], (4.2.1)
i.e., that a Schro¨dinger operator at time t depends on the metric ht in the whole 3-space S.
The canonical commutation relation (1.3.1) cannot hold if the dependence of φ on the metric
is local: In that case, for a given operator φ(s, t) the operator φ(s′, t) might be arbitrary. Thus in
order that the canonical commutation relations hold, quantum-gravitational nonlocality should
take place.
A strictly local measurement of φ affects metric infinitesimally only and cannot be used for
synchronizing clocks.
The degree of quantum-gravitational nonlocality may be given by the quantity
β =
∂
∂t
[
u√
ω
]/[
u√
ω
]
ω =
∂u
∂t
/
uω − 1
2
dω
dt
/
ω2. (4.2.2)
We have
dω
dt
=
k
ω
dk
dt
, (4.2.3)
so that
β =
∂u
∂t
/
uω − k
2ω3
dk
dt
. (4.2.4)
4.3 The principle of covariance and the geometric principle
Nonlocality is incompatible with the local principle of covariance. More general than the latter
is the geometric principle [6]: Spacetime structure and dynamical equations should be phrased
in geometric form. The principle of covariance is a local version of the geometric principle.
5 Applications to cosmology
5.1 The energy-momentum tensor consisted with metric
Let in eq.(3.3.5)
(Ψ, : ∂iφ∂kφ : Ψ) ∝ hik (5.1.1)
hold, i.e.,
(Ψ, : ∂iφ∂kφ : Ψ) = Chikh
lm(Ψ, : ∂lφ∂mφ : Ψ). (5.1.2)
Since
hikhik = 3, (5.1.3)
we find
C =
1
3
(5.1.4)
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and by eqs.(3.3.5),(3.3.2)
(Ψ, TikΨ) =
1
3
hik(Ψ, {2 : π2 : −T00 −m2 : φ2 :}Ψ). (5.1.5)
5.2 A homogeneous state
Let Ψ be a homogeneous state, so that
(Ψ, {2 : π2 : −T00 −m2 : φ2 :}Ψ) = 1V
∫
S ds
√
(h)(Ψ, {2 : π2 : −T00 −m2 : φ2 :}Ψ),
V = Vt =
∫
S ds
√
(ht).
(5.2.1)
We have ∫
S
ds
√
(h)T00 =
∑
j
ωjNj , Nj = NjH = NjS = a
†
jSajS, (5.2.2)
∫
S
ds
√
(h) : π2 :=
∑
j
ωjNj + {aa + a†a†}, (5.2.3)
∫
S
ds
√
(h) : φ2 :=
∑
j
1
ωj
Nj + {aa+ a†a†}. (5.2.4)
Let
NjΨ = njΨ for all j, (5.2.5)
then
(Ψ, TikΨ) = hik
1
3V
∑
j
ω2j −m2
ωj
nj . (5.2.6)
Thus the pressure is
p =
1
3V
∑
j
ω2j −m2
ωj
nj =
1
3V
∑
j
k2j
ωj
nj , (5.2.7)
whereas the energy density is
ρ =
E
V
=
1
V
∑
j
ωjnj . (5.2.8)
5.3 The Robertson-Walker spacetime
For the Robertson-Walker spacetime, the metric is of the form
h(s, t) = R2(t)κ(s), or hik = R
2(t)κik, (5.3.1)
so that we have
(h) = (κ)R6, (κ) = det(κik),
√
(h) = R3
√
(κ), hik =
κik
R2
, (5.3.2)
and
∆ =
1
R2
∆κ, ∆κχ =
1√
(κ)
∂i
[√
(κ)κik∂kχ
]
. (5.3.3)
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The equation (3.1.17) results in
1
R2(t)
∆κuj = −k2juj, (5.3.4)
so that, in view of eq.(3.1.3),
∆κuj = −γ2juj , γ2j = const, k2j (t) =
γ2j
R2(t)
, uj(s, t) =
1
R3/2(t)
u0j(s), (5.3.5)
and
ωj =
[
m2 +
γ2j
R2(t)
]1/2
, (5.3.6)
the last relation being a familiar result of cosmology.
In eq,(4.2.4) we obtain
u =
u0(s)
R3/2(t)
, k =
γ
R(t)
, (5.3.7)
so that
|β| = 3
2ω
dR/dt
R
− 1
2
(γ/R)2
ω3
dR/dt
R
=
3H
2ω
− 1
2
k2
ω3
H =
(
3− k
2
ω2
)
H
2ω
<
3H
2ω
, (5.3.8)
where H is the Hubble constant.
For H ≈ 1
3
10−17c−1 and ω ∼ 1015c−1, β < 10−32. (5.3.9)
With eqs.(5.2.7),(5.2.8) in mind, we have
k2j =
b2j
V 2/3
, b2j = const, ωj =
(
m2 +
b2j
V 2/3
)1/2
, (5.3.10)
so that we find
dE
dV
=
d(ρV )
dV
=
∑
j
nj
dωj
dV
= − 1
3V
∑
j
nj
k2j
ωj
= −p, (5.3.11)
i.e.,
dE = −pdV, (5.3.12)
which is a standard relation.
5.4 Universe dynamics
In this and the next subsections, we follow the papers [6,7].
The S-projected Einstein equation yields
Gik = 8πκg(Ψ, TikΨ) ⇒ 2R¨R + R˙2 + 1 = −8πκgpR2 (5.4.1)
where κg is the gravitational constant; eq.(5.3.12) amounts to
d(ρR3)
dR
= −3pR2. (5.4.2)
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We obtain from eqs.(5.4.1),(5.4.2)
d
dR
(
RR˙2 + R− 8πκg
3
ρR3
)
= 0, (5.4.3)
whence
RR˙2 +R− 8πκg
3
ρR3 = L = const. (5.4.4)
The length L, which is an integral of motion, is called cosmic length. In accordance with
this, the model considered is called the cosmic length universe.
The Friedmann universe corresponds to a particular value of the cosmic length,
LFriedmann = 0. (5.4.5)
In this sense, the Friedmann universe is the zero-length universe.
The value L = 0 results from the equation
G0µ = 8πκg(Ψ, T0µΨ), (5.4.6)
which is violated by quantum jumps inherent in the generic case of interacting quantum fields.
5.5 Lifting the problem of missing dark matter
The most important problem facing modern cosmology is that of the missing dark matter [8].
Most of the mass of galaxies and an even larger fraction of the mass of clusters of galaxies
is dark. The problem is that even more dark matter is required to account for the rate of
expansion of the universe.
More specifically, for the Friedmann universe, the equation
Ω0 = 2q0 (5.5.1)
holds, where Ω is the density parameter,
Ω =
ρ
ρc
, (5.5.2)
ρc is the critical value of ρ, q is the deceleration parameter,
q = −R¨R
R˙2
, (5.5.3)
and subscript 0 indicates present-day values. In particular, if q0 > 1/2, the universe is closed
and ρ0 > ρc. But observational data give Ω0 < 2q0. Eq.(5.5.1) reduces to
Ω0 = 1 +
1
R20H
2
0
. (5.5.4)
From eq.(5.4.4) we obtain
Ω0 = 1 +
1− L/R0
R20H
2
0
(5.5.5)
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in place of eq.(5.5.4). For
p0 ≪ 1
3
ρ0, (5.5.6)
which is fulfilled, eq.(5.5.5) reduces to
Ω0 = 2q0 − L/R0
R20H
2
0
(5.5.7)
in place of eq.(5.5.1).
Eq.(5.5.7) lifts the problem.
6 An application to black holes
6.1 The Lemaˆıtre metric
In the case of a black hole, the metric in the comoving reference frame is the Lemaˆıtre metric:
h =
1
[(3/2rs)(R− t)]2/3 dR
2 + r2/3s
[
3
2
(R− t)
]4/3
(dθ2 + sin2 θdϕ2), (6.1.1)
where rs is the Schwarzschild radius. The Schwarzschild coordinate is
r =
(
3
2
)2/3
r1/3g (R− t)2/3. (6.1.2)
6.2 Quantum field in the comoving reference frame
With the equation (3.1.17) in mind, we find
∆χ ≡ ∆~Rχ =
1
r2
∂r[r
2∂rχ] +
1
r2 sin θ
∂θ[sin θ∂θχ] +
1
r2 sin2 θ
∂2ϕχ = ∆~rχ (6.2.1)
where
~R = (R, θ, ϕ), ~r = (r, θ, ϕ). (6.2.2)
Thus eq.(3.1.17) reduces to
∆~ruj = −k2juj, (6.2.3)
whence
uj = uj(r, θ, ϕ) (6.2.4)
with r given by eq.(6.1.2), and
dk2j
dt
= 0, ωj =
[
m2 + k2j
]1/2
,
dωj
dt
= 0. (6.2.5)
So in the comoving reference frame
ωj = const, H =
∑
j
ωja
†
jSajS,
dH
dt
= 0. (6.2.6)
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In eq.(4.2.4) we obtain
dω
dt
= 0, (6.2.7)
so that
β =
∂u
∂t
/
uω. (6.2.8)
We find from eq.(6.1.2)
∂u
∂t
=
∂u
∂r
(
rs
r
)1/2
. (6.2.9)
By [9], in view of
√
h ∼ r3/2,
∣∣∣∣∣∂u∂r
∣∣∣∣∣ ∼
{(
k2 +
1
r2
)1/2
+
1
4r
}
|u|, (6.2.10)
so that
|β| ∼ 1
ω
{(
k2 +
1
r2
)1/2
+
1
4r
}(
rs
r
)1/2
. (6.2.11)
In particular,
for r ≫ λ = 2π
k
|β| ∼
[
ω2 −m2
ω2
rs
r
]1/2
. (6.2.12)
7 No particle creation
7.1 Conservation of occupation numbers
We have in the comoving reference frame
Ht =
∑
j
ωj(t)Nj , Nj = a
†
jSajS, [Ht, Nj ] = 0, (7.1.1)
so that occupation numbers are conserved:
dNjH
dt
=
dNjS
dt
= 0, (7.1.2)
which implies that there is no particle creation in the case of a free quantum field.
In particular, neither the expanding universe nor black holes create particles.
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